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INTRODUCTION 
The development of the solution capability, 
analysis of the finite difference operators, and pre-
sentation of solution results given in this report came 
about as a by-product from attempting to develop an 
adequate transient solution to moisture movement 
through unsaturated soils composed of several layers 
with different hydraulic properties, that would not 
require the pressure across the interface to be con-
tinuous. Several motivations exist for solving the 
layered problem with a formulation not dependent on 
having continuous pressure across the interface as 
other solutions have done. Among these is to bring 
the theoretical solution in agreement with phylfical 
observations such as those published by Scott (1961) . 
A number of numerical difficulties occurred in 
attempting to obtain solutions to this layered soil 
problem. Some of these difficulties, which are a con-
sequence of the nonlinearities in the basic flow 
,equation, could be investigated more adequately by 
developing a program based on the same mathematical 
formulation and solution method as the layered, but 
for the simpler problem, of vertical infiltration tlu-ough 
nonlayered soil. The erratic behavior of the finite 
difference operators, that was discovered for this 
simpler problem explains why many writers in the 
literature refer to difficulties they encountered in 
solving the flow equation for partially saturated ground-
water problems. This behavior is described in this 
report and a method is given to insure convergence. 
After developing a computer program for solving 
a dimensionless formulation of the vertical movement 
problem, a number of solutions were obtained by vary-
ing the dimensionless parameters in the formulation. 
The solution results have been summarized in graph-
ical for~ in the latter part of the report to define the 
influence of soil parameter, and problem specifi-
cation on such dependent quantities as infiltration 
capacity, rate of movement of the wetting front, 
surface saturation and other quantities of interest in 
watershed studies, irrigation, and other fields con-
cerned with unsaturated moisture movement . 

• 
THEORY 
Flow Equation Parametric Relationships 
Mathematical methods for describing moisture for Soil Properties 
movement in partially saturated soils have been given To solve Eq. 1, the functional relationships 
considerable attention in the literature and a number between Kr , S, and p must be known. These 
of schemes developed for numerically solving the relationships are obtained either by: 1. Supplying data 
partial differential equations, particularly for problems that define both the relationships of Kr to p and S to 
of vertical moisture movement. The recent book by p. 2. Supplying data to define the saturation pressure 
Remson, Hornberger, and Molz (1971) contains relatively relationship and utilize this data in the Burdine 
large bibliographies of this literature. For the sake equations (Burdine, 1953; Jeppson, 1970) to define 
of completeness, but more specifically to describe the hydraulic conductivity pressure relationship, or 
clearly the exact nature of the solution method used, 3. Use parameterized relationships such as the 
some information contained in the literature, but which Brooks Corey Equations (see Brooks and Corey, 
is needed to describe the problem, is given here. 1964 & 1966) or the relationship proposed by Rogowski 
The partial differential equation for describing (1971). 
moisture movement in partially saturated soils can be The writer believes the second method is gener-
obtained by substituting Darcy's Law into the con- ally preferred when solving a specific problem since 
tinuity equation. For flow in the vertical, y, direction 
the equation is: 
(1) 
in which Kr (dimensionless) is the relative hydraulic 
conductivity defined as the ratio of the actual hydraulic 
conductivity K (with dimensions of velocity, LIT) 
divided by the saturated hydraulic conductivity 
Ko(L/T), h (L) is the hydraulic head and equals the 
sum af the elevation and pressure heads, i. e. h = 
y + p, " is the soil porosity, S is the degree of 
saturation on a volume basis, and t is time. Both 
Kr and S as well as h are functions of the pressure 
head and consequently Eq. 1 is strongly nonlinear. 
As written Eq. 1 applies to the liquid phase 
movement, but with slight modifications it also des-
cribes the gas phase movement. Generally the 
influence of the gas phase is of minor importance and 
will be ignored throughout this report. 
3 
saturation-pressure data for a given soil can be ob-
tained generally much more readily than the hydraulic 
conductivity-pressure data, and available data indicate 
that the Burdine equations define the Kr verse p 
relationship quite well for both the drainage and im-
bibition cycles. The second approach has the dis-
advantage of not being able to categorize soils on 
the bases of magnitude of parameteor values and the 
relationship of these parameter magnitudes to vari-
ous features of the moisture movement. By vary-
ing each parameter over a reasonable range in. a 
seriea of solutions, the influence of the magnitude 
of each parameter on various features of the moisture 
movement can be defined. Brooks et al. (1971) present 
some such analyses for the vertical drainage of soils. 
Their study also shows, that for the drainage case 
anyway, good agreement exists between experimental 
data and comparable features from the numerical solu-
tions. Once it has been adequately established that 
defined characteristics of the moisture movement are 
associated with unique values of parameters which 
defined the hydraulic properties of the soil, and that 
these relationships have been established, then by 
observing these characteristics the soil parameters 
can be obtained from simple field tests. For example, 
if the chara'cteristic is the moisture saturation on the 
surface a quantity which can be readily measured in 
in which the parameter Pbis referr.ed to as the 
bubbling pressure head, the parameter A is the pore 
size distribution index, p is the actual water pressure, 
Se is the effective saturation given by 
5 - 5 1" (4) 
the field, then by measuring this during a period of (in which the parameter 51" is referred to as the 
time when a known application rate is applied it would residual saturation), and as defined earlier Kr is the 
be possible to classify the soil according to its hydraulic ratio of the unsaturated hydraulic conductivity to the 
properties, and assign parameter values to this soil saturated hydraulic conductivity. 
which define these properties. Should a single charac-
teristic, which is easy to measure, be inadequate to 
determine a unique set of the soil property parameters, 
perhaps two or more such characteristics would define 
the unique set. Two such charact~ristics may be the 
variation of surface saturation at two different appli-
cation rates, the variation of saturation at two different 
depths, the variation of surface saturation and the time 
required for the wetting front to arrive at different 
depths or other combinations of field measurable 
quantities and/or simple laboratory measurements. 
The above approach to define hydraulic properties 
has some of the following advantages as compared to 
Dimensionless Flow Eguation 
By defining a dimensionless quantity Pt as 
(5) 
Eqs. 2 and 3 can be written respectively as 
(6) 
and 
(7) 
taking a sample of the soil to the laboratory for testing Dividing both y and h by Pb also, and denoting the 
and analysis. 1. The soil is not disturbed from its quotients by the dimensionless variables Yt and he 
natural condition. 2. The results will not be restricted and finally writing Eq. 1, in terms of these variables 
to the properties of the sample size, but include the 
composite properties of the large bulk of soU encom-
passed by the field measurements. 3. The variation 
of the soils properties can be determ.ined under 
different conditions, or at different times. 4. The 
gives, 
(8) 
effects 0f vegetative roots, foreign objects such as Next consider transforming Eq. 8 by means of the 
large rocks, and cover may be incorporated in defining Kirchhoff transformation, 
the hydraulic properties. 
Consequently the solutions given in this report 
and the subsequent analyses of these results are 
based on the Brooks Corey Equations, 
5 
e e:Y (2) 
and (~:r+3~ K (3) 
1" 
4 
(9) 
(This transformation is denoted as the Kirchhoff trans-
formation in accordance with Ames (1965) and a 
number of other authors, even though the trans-
formation or kindred transformations have been 
denoted otherwise in some literature. Raats and 
... 
.. 
Gardner (1971) and others refer to ; as the matric 
flux potential.) 
The relationship of ~ to the transformed pres-
sure head is shown in Fig. 1 for several different 
values of >... From this figure it should be noted that 
~ increases a decreasingly small amount as the mag-
nitude of the dimensionless capillary tension increases. 
Thus using similar precision arithmetic an equation 
in which ; is the dependent variable would be expected 
to give greater precision at high moisture contents, 
required to cover the range of soil parameters 
conunonly encountered in practice is reduced many 
times and is within the range of feasibility. 
Nature of Solution 
A computer program has been developed for 
obtaining a finite difference to Eq. 10 with boundary 
conditions and initial conditions resulting from the 
problem of vertical moisture movement from 
infiltration at the soil surface. The program has 
and less precision at low moisture contents than the been developed to allow any value of any of the 
finite difference solution based on the equation in which parameters in the Brooks Corey Eqs. 2 and 3 to be 
the hydraulic head or pressure head is the dependent 
variable. This variation in ; is generally consistent 
with the need since little moisture movement occurs 
in regions of high capillary tensions. An additional 
advantage in utilizing the Kirchhoff transformation is 
that it linearizes the second derivative term in Eq. 1. 
Transforming Eq. 8 by means of Eqs. 9, 4, 6, 
and 7 so that the resulting equations contains the 
single dependent variable ; results in, 
or 
'1+ 2>.. 
[1- (1+ 3>..)~]1+ 3>" 
in which 
2+2>.. 
a2t; I ~ + (2+ 3>..)[1- (1+ 3>")~] + 3>" 
2 
ayt 
K t 
o 
( lOa) 
(lOb) 
(11) 
The advantage to solving Eq. 10 instead of Eq. I 
is that all quantities are dimensionless. Consequently 
any particular solution obtained from given initial 
and boundary conditions is applicable for a class of 
problems for which laws of similitude are valid (see 
Corey et al., 1965). Furthermore it becomes practiepl 
to present the results from a. series of solutions in 
graphical form, and the number of separate solutions 
5 
specified. The magnitude of infiltration at the soil 
surface can be specified as a rate or the surface can 
be specified as being maintained at a given degree of 
saturation or moisture content. If the rate of appli-
cation is specified it is given as the dimensionless 
rate Q = q/Ko in which q (LIT) is the actual rate 
and Ko is the saturated conductivity. By specifying 
the surface saturation as unity (or nearly unity), the 
infiltration capacity curve for the given problem will 
be given as part of the solution. Any depth of soil 
through which moisture movement occurs can be 
specified and at the bottom of this soil an impervious 
layer can be specified or the soH can be specified as 
free draining. The number and size of the dimension-
less time steps, ~T, can be specified. Also the 
number of space increments throughout the specified 
depth of soil can be varied by mean's of input data to 
the program. 
The results from the solution consist of values 
of saturation, values of hydraulic head and if desired 
also values of the dependent variable g at each space 
increment throughout the depth of soil. These results 
can be printed each time step used in the finite 
difference solution or only at multiples of time steps. 
Also the solution results may be written on tape, 
drum or other storage devices. At each time step 
the volume of water within the soil, as well as its 
changes since the last time step are computed by 
accumulating the water contained in the soil between 
each space incre.m.ent. T-he$<e ~s are used to 
compute the infiltration rate if the saturation of the 
soil surface is specified, a~d provides a check on the 
accuracy of the solution if the rate is specified. In 
addition at the termination of each solution a table 
containing summary data for each time step of printed 
following two major sections, "Formulation 6f Initial-
Boundary Value Problem" and "Finite Difference 
Solution." Thereafter the summary of solution results 
is given. 
output is printed and if desired stored on tape. This g;r--T"""----...,.. ..... ::::::!:::=::::lc::======---... -, 
table contains such items of interest as the problem 
specifications, the position of the wetting front, the 
saturation at the surface and other specified depths. 
the position of the point of average saturation and 
other data. These data have been used to plot graphs 
in the latter part of this report which summarize 
relationships between the soil parameters and features 
of the moisture movement. 
In order to minimize the amount of execution 
time required for a solution the computations for each 
time step are carried out only for finite difference 
grid points within and just beyond the wetting front. 
As the wetting front advances the number of these grid 
points is expanded until the wetting front arrives at 
the bottom of the soil profile. 
The formulation of the problem, the methods 
used in obtaining the solution, some of the numerical 
difficulties which result from the strong nonlinear 
nature of the flow equation and the techniques used to 
overcome these difficulties are described in the 
6 
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FORMULATION OF INITIAL-BOUNDARY VALUE PROBLEM 
'The mathematical problem of one-dimensional 
transient vertical moisture movement caused by water 
applied at the surface is depicted in Fig. 2. The 
differential equation to be solved. Eq. 10, is shown 
in the rectangle within the region of interest of the 
Yt -T plane and the initial and boundary conditions are 
given by an equation adjacent to the boundary to which 
that particular equation applies. 
The initial condition, namely s(y, 0) = so(y) 
represents the distribution of S as a function of y 
which exists prior to solving the problem. If an 
initial condition other than the equilibrium conditions 
of no moisture movement is to be specified, it is 
necessary to supply appropriate data giving the distri-
bution of hydraulic head, pressure head. or saturation. 
The hydraulic head will be constant throughout the 
soil profile for an initial condition of no moisture 
movement. From a specified value of this hydraulic 
head, denoted by h o ' the distribution of ~o(y) is 
computed from the following equation which is obtained 
from the definition of the hydraulic head and combining 
Eqs. 7 and 9. 
1 
1+ 3X, (12) 
in which h = h /p and the other symbols are as 
. 0t 0 b 
defined previously. 
If the rate of application is specified (as a con-
stant or a function of time), the boundary condition on 
the soil surface is obtained by first equating the 
infiltration flux q to - K oh/Oy through Darcy's Law, 
then applying the Kirchhoff transformation, Eq. 9, and 
finally utilizing Eq. 7 to eliminate K
r
• The resulting 
boundary condition equation is, 
2+3X, 
[1- (1+ 3X,)S] 1.+ 3X, ....9..... K • 
o 
(13) 
7 
In Eq. 13 the magnitude of q/Ko is positive if water 
is being applied to the surface. By specifying a 
negative magnitude to this quantity (i. e. so the last 
term in Eq. 13 is positive) a specified rate of evapo-
transpiration would result. 
The boundary condition on the soil surface for 
a problem for which the saturation (or capillary ten-
sion) is to be given (a cons'tant or function of time) is 
of the Dirichlet type with ~ (Dt' T) given. For a 
specified saturation these boundary values are com-
puted from the following equation which is obtained by 
combining Eqs. 4, 6, 7. and 9. 
_-1 [1 _ (S(Dt' T) - srJ1\3x' ] 
s(Dt , T) 1+ 3X, 1 - S 
r 
(14) 
For a specified capillary tension the boundary con-
dition is, 
1 
1+ 3X, 
(15) 
The boundary condition at the bottom. of the soil 
profile will depend upon whether at this depth an 
im.pervious layer exists, whether the soil is free 
draining, or a water table is encountered. For an 
impervious layer no flux crosses the boundary and 
the condition is, 
2+ 3X, 
~ = _ K = - [l. - (1+ 3X,);]1+ 3X, 
r t 
(16) 
For a water table, the condition becomes 'of the 
Dirichlet type with; = O. When specifying this con-
dition the initialization must specify ho = O. or give 
a condition which is consistent with having a zero 
pressure at the lower boundary. For a free draining 
bottom the condition is identical to that for a water 
table providing it is assumed that the magnitude of 
the capillary tension at the drainage surface equals 
or is less than the bubbling pressul'.e. Otherwise the 
pressure at this bottom layer must be given. 
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Fig. Z. Formulation of the inltial boundary value problem for vertical 
movement of water in l,1llEiaturated soil from infiltration on the 
surface. 
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FINITE DIFFERENCE SOLUTION 
. The solution to the initial boundary value problem Any quantity with a j subscript is known or can be 
associated with Eq. 10 has been obtained by the Crank- computed from known values at the current tim.e step, 
Nicolsen method modified as described below in order whereas all quantities with a j + 1 superscript are 
to solve the system of nonlinear algebraic equations unkriown. 
resulting from the finite differences approximations The finite differ·ence operator for the grid point 
to advance the solution through each time step. The 
Crank-Nicolsen method weights difference approx-
imation of the derivative with respect to the space 
coordinate at the current and advanced time steps 
equally as the derivative with respect to time is 
approximated by a second order central difference 
centered midway between these two time flteps. 
Replacing the derivatives in Eq. 10 by such differences 
and doing some algebraic manipulation gives the 
following finite difference operator: 
( j+l j+l)t: j + l _ (2 j+l )t:j+l fi a l + a 2 ""i-l a l + c 3 ~ 
(17) 
in which the subscript i and the superscript denote 
the position of the finite difference grid point in the 
Yt -T plane at which the quantity is to be evaluated, i.e. 
i = 1 + (Dt ·Yt)/6.y and j = 1 + T/6.T, (note that i is 
1 on the surface and increases with depth whereas 
Yt increases in the upward direction) and 
and 
2+ 2x' 
(2+ 3x') 6.Yt [1 _ (1 + 3x') ~.]1+ 3X, 
2 1 
(18) 
(19) 
(20) 
9 
on the soil surface for the condition specifying an 
application rate (which is the non-Dirichlet condition 
which can be specified) is obtained by approxim.ating 
the derivative on the left side of Eq. 13 by a second 
order central difference and then eliminating the value 
~O = '~i-l at the nonexistent grid point by combining 
this result with Eq. 17. The resulting operator at the 
soil surface grid point (1, j+ 1) is, 
(21) 
in which aI' a 2, and c 3 are as defined by Eqs. 18, 
19, and 20 respectively. 
The finite difference operator for the non-
Dirichlet boundary condition of an impervious layer at 
the bottom of the soil is obtained similarly to Eq. 21 
with the flux set equal to zero, and is: 
fn = 2aj + 1 ~~~~ _ (2a{+ 1 + c
3
) ~~+ 1 _ 26.Yt (a{+ 1 _ a j2+ 1) 
[I -(I + 3),) ~~+lr! ~~ + za{ ~~_I + (c3 -z.{) ~~ 
-Z.(l.l't(a{-a~) [1-(1+3)')~~~!~~ = o. (ZZ) 
In order to perform the calculations only at space 
grid pOints within the region of moisture movement and 
not far beyond the wetting front at any time step it is 
necessary to have a special finite difference operator 
at which these calculations end. The final grid point 
The fact that D is a tridiagonal matrix is 
important from a computational point of view. Since 
a syst.em of equations with a tridiagonal coefficient 
is denoted by the subscript k < n. At this final grid matrix can be solved by the Thomas algorithm (a 
j+ 1 j point beyond the wetting front Sk Sk' and there- triangulal"ization scheme given in a number of sources, 
fore Eq. zi becomes, see Remson et al. (1971), or an elimination of the 
elements beJow the diagonal followed by back sub-
( j+l j+'I) t:j+1 _ j+1 j+l j j j fk = a 1 + a Z ~k-l (2al + c 3) Sk +Z(al - a 2) Sk+l stitution), the actual implementation of Eq. 24 in a 
(23) 
When Eqs'. 21, 17, and 23 (or 22) are written 
for the space increments i = I, 2 . •. k (or n) a 
system of' nonlinear algebraic equations for the 
, j+1 j+1 j+1 j+l ' 
unknowns SI ' S2 - ••• Sk (or Sn ) results. The 
solutiqn Of this system of equations' advances the 
solution of the infiltration problem through one tiine 
step DoT denoted by incrementing the superscript j 
to j+1. 
The Newton-Raphson iterative method ha~ been 
utilized in solving this system of nonlin~ar algebraic 
equations. This method provides a better approxi-
: - '+1 '+1 '+1 
mation to the unknown vector S J ~ s{ 'S~ ••• 
t: J
k
'+1 (or t: J
n
'+1) f h' b f 
'" ~ a ter eac new iteration y means 0 
the formula, 
in which the superscript m outside the parentheses 
denotes the iteration number, 7 is the vector of 
functions fl , f2 .•. fk (or fn) defined by Eqs. 21, 17, 
and 23 (or 22), each of which will equal zero when 
the solution has been obtained, and D is the Jacobian 
matrix-, 
Of l Ofl 
oSI oS2 
o . .. .0 
Of2 Of2 Of2 
OSI oS2 OS3 
o . .0 
D= (25) 
0 
of. of. of. 
O 1 1 1 o .•. 
OS'1 ~ O~i+l 1- 1 
Ofk Ofk 0 
OSk_1 OSk 
10 
computer program will take the form 
(26) 
in which the vector -;;' is the solution of the tridiagonal 
system given by, 
m- -m (D) x = (f) • (27) 
The equations needed for evaluating the deriv-
atives in the matrix D are given below: 
o fl 
2 j +1 (29) 
oS2 
a l 
of. 
a j +1 aj+l 1 (30) o~_l 1 + 2 
of. 
1 
df." 1 
j+l j+l 
'+1 oal '+1"+1 oa 2 (t:J.' +1 _ 2 t:J.' +1 + t:J) + (t:J l:J) ~1-1 ~1 ~i+l --ar.- ~i-l - ~i+1 ~ 
1 1 
(2 j+l 
- a l + c 3) (31) 
of. 
a j +1 _ a j +1 1 (32) 
OSi+l 1 2 
O~ j+l + j+l 
OSk_l 
a l a 2 • 
(33) 
• 
'e-
• 
• 
• 
• (34) 
that the nonlinearity of the implicit finite difference 
equations not only cause difficulties in convergence 
at least in some ranges of problem specifications, but 
that manifestations such as scatter in such solutions 
results as infiltration curves (see for example Hanks 
• (35) and Bower, 1962) are consequences thereof. In 
Freeze's (1971) very noteworthy model of an entire 
of 
n 
~ n 
2+ 3X, 
[1- (l+3X,);j+1]1+3x' 
n 
in which the derivativ~s of a l and a 2 are: 
. (36) 
saturated-unsaturated groundwater basin, he noted 
difficulties because oscillations in the predicted and 
calculated values of soil moisture tension occurred 
causing the coefficient which depends on the pressure 
to oscillate also. In solving the one-dimensional 
infiltration problem Smith and Woolhiser (1971) noted 
similar oscillations of the pressure from a Gauss-
Seidel type iteration in solving the nonlinear finite 
difference equations. After studying the general 
· (37) nature of oscillations, they terminated their iteration 
oa l (1+ 2x')al 
~ 1 - (1+ 3x');i 1 
and 
oa 2 
(2+ 2x')a 2 
o;i 1-(1+3x');i • (38) 
The implementation of Eq. 26 in obtaining a 
solution to the infiltration problem is associated with 
difficulties which will be described in the next several 
paragraphs. The difficulty is a consequence of the 
strongly nonlinear nature of the equation of flow when 
applied to unsaturated soil. A number of writers have 
eluded to numerical difficulties they encountered in 
obtaining solutions to unsaturated moisture movement 
problems, particularly if two space coordinates were 
by using a weighted average of pressures from the 
final two iterations. As pointed out later, a Gaus s -
Seidel iteration in solving the linear system created 
from the nonlinear system by as sumi!lg the a' s in 
Eqs. 21, 17, and 23 (or 22) are fixed during each 
iteration, generally would not be expected to converge. 
The difficulty encountered in attempting to 
implement Eq. 26 might be superficially described 
by noting that the Newton-Raphson method converges 
to the appropriate roots of the system of equations 
provided that an accurate enough initial gues s for 
(tj +1 ) 0 is supplied, and that in solving the finite 
difference equations from the formulation being used 
herein a very close initial guess is necessary. How-
involyed, but the exact nature of the difficulty is ever, a more thorough analysis of the problem is quite 
generally only partially described or documented. revealing, particularly since for the problem being 
For example Verna and Brutsaert (1970) tried a number considered it is relatively easy to generate what one 
of implicit and explicit schemes, and found that the might consider an excellent initial guess, and from 
performance of the implicit schemes particularly was experience the writer found what he considered a good 
unacceptable or at best marginal. While they con-
clude the major source of difficulty in obtaining a 
solution to their two-dimensional problem was 
associated with locating the position of boundary 
separating the saturated and unsaturated zones, they 
found problems of nonconv'ergence due to the non-
linear partial differential equations. It is believed 
11 
initial gues s to be inadequate if the initial condition 
was the equilibrium condition of no moisture move-
ment i. e. h9 = constant. At first the source of the 
difficulty was overlooked. It was not until the com-
putations were carried out using double precision 
arithmetic in the computer that it was recognized that 
the difficulty occurred because of the erratic behavior 
of the finite difference functions, Eqs. 17, 21, 2Z, and 
23, particularly in the close vicinity of the root peing 
sought, This behavior emphasizes the need for 
meticulous concern about the finite difference approxi-
mation~, the al!lSumptions u!;!ed in the formulation, and 
the scheme'used in solving the finite difference equati9n. 
Nature of Finite Difference Functions 
In analyzing the dependency of the functions fi 
given by Eqs. 17, 21, 22, and 23 on the ~'s, one 
should recognize that the magnitude of each f. is 
~ '+1 
actually influenced by the magnitudes of all the ~~ 
. ~ 
at the grid points throughout the soil profile, The 
'+1 '+1 
dependency is greatest, however, on ~~ l' ~~ , and 
'+1 ~- 1 ~~ 1 because these are the only values appearing in 1+ 
each finite difference equation directly. The influence 
from the other ~ I s is only indirect in that their values 
effect the values of these three ~ IS. 
; 
.' 
: 
.' 
Q a O.0001 
AND 
Q=0·001 
In a graphical presentation it is not possible to 
illustrate the relationship of f. to variations of ~~+~~ 
j+1 j+l. 1 1-
~i ' and ~i+l simultaneously. The relation!;!hip of 
fi to a variation of anyone of these ~'s separately 
can be displayed graphically, Fig. 3 has been pre-
pared by plotting the variation of the operator f I at 
the grid point on the soil surface for a relatively small 
'+1 
change of the argument ~JI . The five separate 
relationships shown on this figure are for different 
application rates Q = q/Ko. All of these curves have 
been obtained using a value of ~~+ 1 in Eq. 21 which 
is the exact value to 16 significant digits for satisfying 
the initial equilibrium condition of no moisture movement. 
Also all quantities with a superscript j in J,!:q. 21 were 
given values, to 16 significant digits, which satisfy the 
no moisture movement condition. The zero for the 
function fl occurs when the curve intersects the 
horizontal dashed line approximately midway through 
Q =0·5 
~ 
. 
;1 
I;r---------------~ 
I~---+----~--~~~~--+---~--~--~ t ,111200 +.51-12 +.11-'11 +.15-11 +.21-11 
INQEl!ENOENT VMIAIII,.E S 8200 
+.35-.1 
FIG. g.FUHCTlQNAl RELATlQNSHIP OF FI FOR SEVEM.. DIHENSIONLESS APPI.ICATIliNAATES, Q 
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• 
• 
the graph. In plotting the curves on this figure each 
curve ends at the right end of the graph at a point 
beyond which the function f 1 becomes undefined 
because the quantity {l - (1+ 3X.)~jl+1} which is raised 
to an exponent in Eq. 21 becomes negative. Figures 
4 and' 5 have been prepared by greatly expanding the 
size of the graph for the curves defined by Q = . 001 
and Q = . 01 respective in the immediate vicinity of 
the point at which f 1 becomes undefined. To help 
further in illustrating the variation of f 1 with ~ 1 in 
this vicinity Table'l gives the values of fl and its 
derivative which corresponds to different values of ~ l' 
The following should be noted from Figs. 3, 4, 5, and 
Table 1: 
1. The zero of f 1 occur s for a value of ~ 1 
very near the value at which fl becomes undefined. 
2. The function fl is positive for ~l less than 
its values at which fl = 0 and negative for ~ 1 greater 
than its value at which fl = O. 
3. Between the zero of fl and the point where fl 
becomes undefined the function takes on a rrrlnirnum value. 
(For ~lless than the point at which this minimum value occurs 
Of/O~l is negative and for ~l greater than this value Of2/0t 2 
is pO,sitive. ) 
4. For low application rates the phenomena 
described in (1) through (3) all occur essentially at 
the same point, and the separate phenomena can be 
LIl 
~ 
LI1 
lSI 
~-r------------~----------.------------~------------~---------~ 
LJ': 
9 
If! 
to 
~-r------------+----------~-------------r~~~~+----------~ 
1'.18181718+1')1') •. 28-06 'i:~::ENDENT VFiR;~~;6 ~ +.8&-116 ,18181818+1')1') 
fIG·4· fUNCTIONAL RELATIONSHIP Of F HITH DIMENSIONLESS APPLICATION RATE, D=O.OOI 
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detected only by examining the numbers written out 
to a relatively large number of significant digits. This 
rapid variation of f 1 is due to the strong effect that 
small changes in ~{+ 1 have on the magnitudes of the 
ff ' , j+1 d j+1, E 21 coe lClents a l an a 2 ln q. . 
This erratic functional behavior is not restricted 
to the finite difference operator fl for the grid point 
on the soil surface, but is characteristic of the f' s 
at all grid points. The relationship of fi= f2 at the 
next grid point with ~ 2 varying over a relatively 
small range is given in Fig. 6. In preparing this 
figure the value of ~~+1 as well as all quantities with 
a j superscript were 'given the values to 16 significant 
digits which satisfies the initial equilibrium condition 
of no moisture movement, and the separate curves 
'+1 
resulted by setting the value of ;Jl at the surface 
grid point to values less than its equilibrium values 
by the amount indicated. Table 2 gives this variation 
in greater detail in the immediate vicinity of the point 
at which f2 becomes undefined. While Fig. 6 and 
Table 2 used f 2, this finite difference operator is the 
same as f. for i = 3, 4, ••. k-l (or n-l) and there-
1 
fore the relationships given therein apply to the 
operators at all grid points. It should be noted that 
the same four observations made concerning the 
operator f 1 apply to all operators. 
"-o 
z 
o 
~ 
~ 
I 
lSI 
lSI 
~-r------------~----------.---------r-----------'--------' 
:I' 
I' 
LI1 
lSI 
I 
lSI 
lSI 
LI1 
:I' 
~~-----==~~-----~~-------------r----------+---------~ 
I'. 18161818+I')I')··QB-IIQ +.8&-BQ •. 12-113 INDEPENDENT VARIABLE :5 
+ • 16-B3 
.18181618+1')1') 
FIG. 5. FUNCTIONAL RELATIONSHIP OF F WITH DIMENSIONLESS APPLICRTION RATE. D= 0·01 
Table 1. Relationship of finite difference operator fl for the surface grid point to ~1 for two application 
rates Q = q/K. The following paramete~s were used in defining this relationship: A = 1. 5, 4yt = 
. 1 ft, AT = . S, h o = - 3.0 ft, and D = 2.0 ft. 
Q = .0001 Q = .001 
~1 fl 
dfl 
~1 f1 
cHI 
~ ~ 
• 1818181818181817!1 -1. 0749x 10 -6 4.494 . 1818181818181817!1 -1. 3816x 10- 6 14.9409 
· 1818180707070707 -1.0728xl0 -6 - .0245 .181818129186603 -1. 3841x 10,...6 .0239 
· 181804889 -0. 5923x 10 -6 - .0395 •. 181817971292 -1. 3859x 10- 6 .0039 
• 181793778 - • 1369x 10-6 - .0423 • 18181791866 -1. 3860x 10- 6 .0013 
· 181782667 + • 3464x 10- 6 - • ()446 • 18181786(>0 -1.3860xl0- 6 .0007 
.181716 +3. 6864x 10- 6 - .0550 · 1818178134 -1. 3859x 10 -6 .0023 
• 181775579 - .0899xl0 -6 .0383 
• 1817705~6 +.U51xl0 -6 .0394 
II -16 
- The first entry for ~ 1 in the table is 1 x 10 smaller than ~ 1 at which the function f 1 becomes 
undefined. 
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Table 2. Relationship of finite difference operator f2 for the grid point just below the surface with S2 for 
two values of Sl. The following parameters were used in defining this relationship ).. = 1. 5, ,6.y 
= . 1 ft, 6.T = .5, ho = -3.0 ft, and D = 2.0 ft . 
Sl = Seguil. - .0001 = .181692162118080 
.18l8l8l8l8l8l8l7!1 
• 1818070707070707 
-. 53l7x 10- 6 
.854lxlO- 6 
+9. 1618 
- .0337 
Sl = Seguil. - .001 = . 180792162118080 
S2 f2 
o f2 
oS2 
• 18 18 18 18 18 18 18 1 7! I - . 9659x 10- 6 61. 3973 
• 18 f811285 266 -1. 3573x 10 -6 .0300 
· 18178369906 -1. 6633x 10- 6 .00058 
.181776802508 -1. 6561x 10- 6 .00257 
· 1816802508 - • 13l7x 10 -6 .0254 
• 181673542 + .0475 x 10-
6 
.0265 
II -16 
- The first entry for S2 in the table is 1 x 10 smaller than S2 at which the function f2 becomes 
undefined. 
Because of the rapid changes in the f's when 
starting from equilibrium conditions, to. the close 
neighborhood of their zeroes and points at which the 
functions became imaginary, it is not difficult to 
appreciate why the Newton-Raphson method failed to 
converge during the first attempts at obtaining solu-
tions. Should the initial guess for s~+1 be larger 
1 
than that which gives fi a mininlum, subsequent 
iterations would cause fi to very rapidly, if not 
immediately, becom.e undefined. On the other hand 
if s~+1 is very much smaller than the value required 
1 
for the proper root of fi' it is very li,kely that the 
first iteration would project into the region beyond 
which f.. is undefined. Furthermore, if any iterative 
1 .+1 
value of S~ should cause f. to take on its minimum. 
1 1 
value, or nearly its minimum value, where the deriv-
ative of./o;. is zero or very small, the next iterative 
1 1 
value would be very unrealistically large or small. 
Clearly some approach other than the Newton-Raphson 
method is needed to solve the nonlinear system of 
equations, at least until the values of the ; 's are 
smaller than those associated with no moisture mov~­
ment. 
It is likely that some of the previous solution~ 
have been obtained by essentially ignoring the erratic;: 
behavior of the finite difference operator by using 
15 
very lax convergence criteria. Thus the system is 
ass'!lmed to be solved by the first predicted values 
until sufficient moisture movement exists within the 
profile that the variation of fi is not so erratic in 
the near vicinity of its zero. Doing this would 
adversely effect the accuracy of the solution, how-
ever, because any error in any of the ; 's during any 
time step has considerable influence on the adjacent 
finite difference operators as can be noted from 
Fig. 6. 
The erratic behavior of the finite difference 
operators, fi' are caused by the coefficients a l and 
a 2 becoming small very rapidly as ; approaches its 
equilibrium value (which as noted above is' very close 
to the point where fi becomes undefined). The vari-
ation of these coefficients over a small range ef ; is 
given in Fig. 7. These relationships were obtained 
for f2 by using the same problem specifications as 
previously, namely).. = 1.5, 6.yt = • 1, 6.T = .5, 
hOt ~ -3.0, J?t = 2.0 and Pt = 4.9. The values 
of ;i+1 and ;~+l were equated to their equilibrium 
values of no moisture movement as were all quantities 
with a j superscript. Perhaps a better idea of how 
rapid these coefficients vary in the vicinity of the root 
being sought can be had by noting the magnitude and 
variation of the derivatives of a l and a 2• These 
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.00001 
Values of 
Fig. 7. Relationship of the coefficieJllts a1 and a Z and their derivatives 
with respect to t. over a small range of t. 
variations are also shown on Fig. 7. The following 
is noted because the plotting of Fig. 7 does nota-llow 
the valuelil to be read a,ccurately. 
1. At the correct root of £Z, ~2 = 
-4 
.1.81789104197Z670, a1 = 7. 7x 10 , a Z 
1. I x 10-
5
, aal/o~Z = - ZO, and oa'Z/a~Z 
- 3. 6. 
Z. At the point just short of where fZ becomes 
undefined by an amount .of 1. x 10 - 16, ~ Z 
= • 1818181818181817. a l = 3. Z8 x 10 -13 , 
eL Z = 4.37 x 10-
15
, oal/o~Z = - Z,379, and 
oaZ/o~Z = - 39. 6. 
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With the magnitude of the. coefficients al and a Z 
changing sO rapidly in the vicinity Qf the zero for fi 
it becomes apparent that the variation of f, with 
, . 1 s~+l (i. e. the derivative af.lo~.) is primarily a 
1 1 1 
fu,nction'of the magnitude of a 1 and a Z' for smaller GiS. 
'+1 As ~ approaches the value for f, to become zero 
1 1 
that this variation is controlled by the ma~nitude of 
oal/o~, and oaZ/a;, (see Eq. 31), particularly if 
1 . 1 
;e~ has become smaller than its equilibrium value 
due to moisture having penetrated to the grid point 
(i-I) but not yet to the point (i+l). Consequently as 
j+1 ;i increases, a point is reached at which fi no 
.. 
• 
• 
• 
longer decreases as one might expect from a cursory 
examination of Eq. 17 since the coefficient for ;~+1 
1 
is negative. Rather at this point cH. /0;. becomes 
1 1 
magnitude of the diagonal element be equal to or 
greater than the sum of magnitudes of the off diagonal 
terms. In at least one such equation the "equal to or 
positive. greater than" must be replaced by "greater than." In 
It should also be noted that while the magnitudes solving a nonlinear system of equations this criterion 
of the derivatives Of. /0;. l' Of. /0; .. and of. /0;. 1 must be interpreted as the term on the right side of 
1 1- 1 1 1 1+ . 
all vary' considerably in magnitude, that near the the equation must exert equal, and in at least one 
correct root the magnitude of of ./0;. is greater than equation greater, influence on the function than the 
1 1 
the other two. Typical values near this zero are 
Of./o;. 1 = .02. Of. /0;. = -. 1. and Of, /0;. 1 = .02. 
1 1- 1 1 1 1+ 
comp·osite influence of all terms on the right of the 
equation. The same criterion would apply in solving 
Consequently near the correct root a small change a single implicit equation by an iterative scheme of 
in ;~+1 cause a larger change in f. than a corre- thi~ nature. For the iter.ation to convergent the 
1 • 1 1 J+ J·+l ..sponding small change in ;i-l or ;i+1. unknown on the left of the equal sign must have greater 
While it is true that the exact behavior of the influence on the function than the terms containing 
finite difference equations which have been described this same function on the right side of the equal sign. 
above applies only to the formulation used. it should Clearly from the characteristics of fi given 
be noted that since a one-to-one correspondence exists above this type of simple iteration would in general 
, between values of ; and Pt or ht' that similar be divergent in obtaining even the root ;~+1 from a 
difficulties would exist in solving other formulations single finite difference equation if ;~+ll a~d ;~+11 
of the problem. The basic source of difficulty is the 
strongly nonlinear nature of the partial differential 
equation. 
The above characteristics of the finite difference 
'operators need to be understood to devise a method 
for obtaining a solution to the nonlinear system of 
algebraic equations which must be solved repeatedly 
in advancing the solution through each time step. For 
instance consider the commonly used Gauss-Seidel 
type iteration. which obtains the solution by placing 
the unknown from that particular grid point on the 
left side of each equation and all known as well as 
unknown from other grid points on the right side of 
these equations. For a nonlinear system such as that 
from Eqs. 21, 17, 22 (or 23) it is not possible to 
solve explicitly for ;~+1. Rather only the ;~+l which 
1 1 
appears as the second term in these equations or the 
;~+1 which are contained in the definitions of a{+1 
1 j+1 
and a 2 can be placed on the left of the equal sign. 
For a linear system of algebraic equations a 
necessary condition for the Gauss-Seidel method to 
converge is that the coefficient matrix be diagonally 
dominant. Diagonal dominance requires that the 
17 
1- 1+ 
were given correct values. This would be the case 
by either solving for ;~+1 from the second term of 
'+1 1 '+1'+1 
Eq. 7. or the;i involved in ai or a J2 • because 
each of these terms exerts dominant influence in a 
different portion of the domain of interest. To achieve 
convergence the form of the iterative equation would 
need to be changed during the iterative solution so that 
the dominant term was on the. left side of the equal 
sign during each iteration. 
Consequently, in order ~o solve the system of 
finite difference equations under all conditions, a 
method is required which will obtain the desired root 
under all conditions. The approach which has ~een 
used takes advantage of the fact that Of. /0;. in the 
1 1 
vicinity of the root is larger than either of./o;. 1 or 
1 1-
of. /0;. '1 and therefore if the correct root for each 
1 1+ 
separate finite difference equation can be determined 
from each such implicit equation. then on Gauss-Seidel 
type iteration between equations will conver ge. The 
solution is obtained by squaring each of the fl s. and 
utilizing a Fibonacci search (Wilde, 1967) to obtain 
the minimum of the square of each function. Before 
squaring the fls and utilizing the Fibonacci search. 
a few logical statements determine the interval of the 
search so that fi is positive at the beginning of the 
twenty iterations allowed after the soil had completely 
filled up with water. The inconsistencies of the 
interval and negative at the end of the interval. Deter- specification has caused the solution to the finite 
mining this interval is not difficult since, as noted difference equations to become nonexistent. But even 
earlier, f. is negative for ;~+l at the point where under such circumstances the method did not supply 
1 1 
f. becomes·undefined. The other end of the interval unrealistic values. It simply continued to supply a 
~here fi is positive is determined by decreasing ;{+l solution at new time steps that showed the soil at unit 
from this value until fi becomes positive. saturation and failed to converge because the specified 
While it would be possible to obtain the solution application rate could not be satisfied. 
to the system of finite difference equations for all time As noted earlier some indication of the accuracy 
steps by the scheme described above. doing so would of the solutions at each time step is available for 
.require far more computer time than necessary. At 
later time steps after the values of the ; 's are 
significantly smaller than the equilibrium values the 
functions f. do not exhibit the erratic behavior in the 
1 
vicinity of the individual zeroes being sought. There-
fore after some specified number of time steps the 
solution is obtained by utilizing the Newton-Raphson 
problems in which the application rate is specified by 
checking whether the rate computed by accumulating 
moisture increases in the soil between consecutive 
time steps agrees with the specified rate. These two 
rates agree to three significant digits or more for all 
except the first and second time steps during which 
very large changes in the moisture content occur on 
method exclusively. Even for the beginning time steps the surface. The disagreement for these time steps 
the Fibonocci search-iterative scheme described above can be attdbuted to how the moisture content varies 
is used only to start the solution prOCeSS. In other 
words it supplies an initial guess which is adequate 
for the Newton-Raphson method to converge to the 
desired solution. The solution process is turned Over 
to the Newton .. Raphson method after the Fibonocci 
search-iterative scheme causes the sum of absolute 
changes in ;~+1 to be less than a prescribed error 
1 
between its consecutive iterations. 
A number of solutions to variously specified 
problems have been obtained by utilizing the approach 
described above. No difficulties have been encountered 
in obtaining solutions. However, it has been observed 
that wh~m a specified application rate is used in a 
problem with an impervious bottom boundary, that 
the Newton-Raphson method failed to converge in the 
18 
between the consecutive finite difference grid points. 
In accumulating the moisture content within the soil 
-the average moisture content at each set of consecutive 
grid points is 'used to compute the water within the 
soil between these two points. Consequently, when 
there are large differences in moisture content at 
adjacent grid points this approximation is not very 
good, and could explain the di screpancy mentioned 
above. This indication suggests that an adequate 
solution to the finite difference equation is being 
obtained. The error specification used in obtaining 
these solutions has required that the Newton-Raphson· 
iteration not be terminated until the sum of absolute 
changes in the values of ~~+1, i = 1, ..• k (or n) 
1 
between consecutive iterations is less than approxi-
-13 
mat ely 10 . 
• 
RESULTS AND ANALYSES 
A number of solutions have been obtained by 
varying the problem specifications. A summary of 
these specifications is given in Table 3. For all of 
these solutions (with one exception) the dimensionless 
depth of the soil profile was specified equal to 3 and 
in general the solution was terminated around the time 
that the moisture had penetrated to this depth (or for 
some problem before this occurred). Also common 
to all problems were the specified values of Pb = 1.0, 
Sr = O. 15, and .6.Yt = O. 1. 
A typical solution to a problem with specifications 
such as those in Table 3 requires approximately 7. 5 
seconds of execution time on the UNIVAC 1108 at the 
University of Utah Computer Center, where these 
solutions were obtained. The computer cost of obtain-
ing a solution is, therefore, relatively small in com-
parison to the cost in time for an individual to analyze 
and interpret the meaning of the solution. More 
shows how the gradient of the hydraulic head d~ /dyt 
varies through the profile at different times. In instructing 
the ~lotter to draw these graphs, smoothing of the 
slopes of the lines, or rounding of sharp breaks, was 
not programmed into the plotting instructions. Instead 
straight lines were drawn between adjacent data points. 
Particularly for the graphs showing the variation of 
the hydraulic gradients a more accurate and pleasing 
graph would result from such smoothing. 
Comparison of these graphs indicates the 
influence of different features of the problem speci-
fication on moisture movement characteristics. For 
example the only difference in the specification for 
the problem whose solution is displayed in Figs. 8, 
9, and 10, and the problem of Figs. 11, 12, and 13, 
is that the application rate is twice as great in the 
later as in the former. This doubling of the appli-
cation rate not only causes larger saturations on the 
costly than obtaining the solution is the cost of having surface (57 percent to 65.0 percent at tb,e longer time 
the computer driven plotter display the various results of the solution) but also the position of the wetting 
from the solutions in graphs from which an individual front is deeper. Fig. 8 shows the wetting front has 
can more rapidly receive an impression of the nature penetrated to a depth of approximately 1. 6 units when 
of the moisture movement, than from the arrays of T = 7. 5, whereas Fig. 11 shows a penetration of 
printed numbers. From the values of saturation and approximately 2. 6 units after the same time. Doubling 
hydraulic head which are printed for each grid point the application rate again (see Figs. 14, 15, and 16) 
at each time step, if desired, it becomes a relatively (~;(EeS a comparable change in the surface saturation, 
easy programming task to graphically present the and causes the wetting front to penetrate the bottom 
time variation of these parameters of moisture move- of the 3 unit depth of soil for T slightly greater than 
mente 5. O. 
The following graphs given as Figs~ 8 through 
46 were obtained by plotting the results from some of 
the first solutions. Three figures are used to display 
the results from eac'\ such problem. The first 
figure of the grouT _ three indicates the variation of 
saturation with depth and· time; the second plots the 
variation of dimensionless hydraulic head ht (or 
hydraulic head h) with depth and time; and the third 
19 
The third figure of each group shows that the 
gradi"ent of the hydraulic head is large only over a 
range of depth of .2 to . 3 dimensionless units in the 
vicinity of the wetting front. After the wetting front 
passes, the gradient of the hydraulic head begins to 
decrease toward unity, which is its value under 
steady-state downward movement. 
Table 3. Sununary of problem specifications for solutions that have been obtained. The following 
specifications are common to all problems: Dt = 3.0 ft, Pb = 1. 0, 5 r = O. 15, AYt ;0: 0.1, and 
" = .4. 
Probe Q!/ 5(1)~/ No. of Probe Q!/ S(l)~/ No. of 
No. ~ hO AT time No. ~ hO AT time 
steps steps 
1 1.5 .05 -3.0 .05 150 37 1.8 .90 -2.0 .025 75 
2 1.5 .1 -3.0 .05 150 38 1.0 .90 -2.0 .025 75 
3 1.5 .2 -3.0 .05 150 39 1.8 .6 -2.0 .025 75 
4 0.5 .01 -3.0 .05 150 40 1.5 .6 -2.0 .025 75 
5 0.5 .05 -3.0 .05 150 41 1.0 .6 .2.0 .025 75 
6 0.5 • 1 -3.0 .025 150 42 1.5 .98 -2.0 .0125 75 
7 0.5 .2 -3.0 .01 150 43 1.8 .98 -2.0 .0125 75 
8 1.0 .80 -3.0 .01 150 44 1.0 .98 -2.0 .0125 75 
9 1.5 .80 -3.0 .01 150 45 1.8 .2 -3.0 .05 100 
10 2.0 .80 -3.0 .01 150 46 1,0 .2 -3.0 .05 100 
112.1 0.5 .80 -3.0 .01 150 47 1.8 • 1 -3.0 .05 100 
12 1.3 .2 -2.0 .01 150 ~8 1.0 • 1 -3.0 .05 100 
13 1.0 .2 -2.0 .01 150 49 1.8 .4 -3.0 .05 50 
14 1.8 .2 -2.0 .01 150 50 1.5 .4 -3.0 .05 50 
15 1.8 .15 -2.0 .05 75 51 1.0 .4 -3.0 .05 50 
16 1.5 .15 -2.0 .05 75 52 0.7 .4 -3.0 .05 50 
17 1.0 .15 -2.0 .05 75 53 1.8 .70 -3.0 .04 75 
18 1.5 • 1 -2.0 .05 100 54 1.5 .70 -3.0 .04 75 
19 1.0 • 1 -2.0 .05 100 55 1.0 .70 -3.0 .04 75 
20 0.6 • 1 -2.0 .05 foo 56 0.7 .70 -3.0 .04 75 
21 1.8 .70 -2.0 .05 75 57 1.8 .90 -3.0 .025 75 
.05 .025 
: 
7S 22 1.5 .70 -2.0 75 58 1.5 .90 -3.0 
23 1.0 .7 -2.0 .05 75 59 1.0 .90 -3.0 .025 75 
24 1.8 .05 -2.0 .05 100 60 1.8 .98 -3.0 .0125 7S 
.05 100 • 0125 75 ... 25 1.5 .05 -2.0 61 1.5 .98 -3.0 
26 1.0 .05 -2.0 .05 100 62 1.0 .98' -3.0 .0125 75 
27 0 .. 7 .05 -2.0 .05 100 63 1.8 .6 -3.0 . 0~5, 75 
28 1.8 .50 -2.0 .05 100 64 1.5 .6 -3.0 .025 75 
29 1.5 .50 -2.0 .05 100 65 1.0 .6 -3.0 .025 ,75 
30 1.0 .50 -2.0 .05 100 66 1.0 .5 -3.0 .05 75 
31 0.7 .50 -2.0 .05 100 67 1.5 .4 -1. 0 .05 100 
32 1.8 .4 -2.0 .05 50 68 1.5 .4 -4.0 .05 50 
33 1.5 .4 -2.0 .05 50 69 1.5 .4 -5.0 .05 50 
34 1.0 .4 -2.0 .05 50 70 1.5 .90 -5.0 .025 50 
35 0.7 .4 -2.0 .05 50 71 1.5 .98 -4.0 .0125 50 
36 1.5 .90 -2.0 .025 75 
1-' If a (-) appears in this coluJYlll, the surface was maintained at the saturation in,dicated in the next 
column. 
~/ If a (.,.) appears in th,b column, a constant rate of application was specified as given in the previou$ 
columh. 
1/ Dimensionless depth in this problem equals 2. O. 
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A large number of features such as those above 
could be examined by comparing the graphs from 
different solutions. Even doing this becomes tedious. 
As mentioned earlier the computer program has been 
written so that at the end of each solution a summary 
table contai~ing the problem specifications and certain 
selected features of the solution are printed and if 
clesired also written on tape for future analyses. This 
summary table feature was added to the program 
after obtaining the solution to Problem 17 in Table 3. 
Using this summary table data various features from 
the solutions have been plotted in such a manner as 
to show the relationship of these problem specification 
parameters to infiltration characteristics. 
The infiltration capacity curves for those prob-
lems in Table 3 in which the soil surface was main-
tained at a specified constant saturation or moisture 
content and for which the initializing hydraulic head 
equals -2.0 dimensionless units have been plotted on 
Fig. 47. Similar infiltration capacity curves for 
those problems in which hOt = -3.0 are given in 
Fig. 48. These figures show that the degree of 
surface saturation has a considerable influence on 
the infiltration rate as one would expect. These 
results show that increasing the degree of saturation 
from 70 to 90 percent for instance increases the 
final steady-state infiltration rate approximately 4 
times, and that a further increase of the surface 
saturation to 98 percent (a saturation as high as would 
generally be physically feasible for an infiltration 
problem) causes the rate to be 1. 5 times that at 90 
percent saturation. 
The magnitude of the pore size distribution 
exponent X, has a smaller but significant effect on 
the shape of the infiltration capacity curves. Near 
the beginning of application, the infiltration rate is 
greater for smaller values of x', but during sub-
sequent times, particularly as the rate approaches 
the ultimate steady-state rate, the rate is greater for 
larger values of x'. This crossing of the curves for 
the same surface saturation but different values of ).. 
comes about because X, appears in the definition of 
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the dimensionless time parameter T. An alternative 
plotting of these curves would use a T' = x'T as the 
abscissa. 
By comparing corresponding curves on Figs. 47 
and 48 it can be noted that the infiltration capacity 
a.nves are almost independent of the initial hydraulic 
head hoe Only very shortly after the beginning of 
moisture application is the difference significant, at 
least within the small variation from hOt = - 2. 0 to 
hOt = -3.0 which was used in the problems on these 
two figures. 
The time variation of the surface saturation, 
application rate and the pore size distribution exponent 
for those problems in Table 3 for which hOt = - 2. 0 
are shown in Fig. 49. The same variation of surface 
saturation for problems in which ho = -3.0 are 
t 
shown in Fig. SO. These figures show, as one would 
expect, that the surface saturation is greater for the 
large application rates. Also it should be noted that 
soon after application begins the saturation of the soil 
surface is greater for larger values of x" provided 
other specifications are the same. At longer times, 
however, this trend is reversed and larger saturations 
on the soil surface are associated with smaller values 
of the pore size distribution exponent. A comparison 
of Figs. 49 and SO again reveals that a change of the 
initial hydraulic head from hOt = -2. 0 to hOt = - 3. 0 
has no significant effect on the surface saturations 
under a constant application rate. 
It should be noted that, particularly for the 
larger application rates, the surface saturation 
increases to near its final value within a relatively 
short time interval. In other words the surface 
saturation approaches the steady-state value before 
the moisture being applied at the surface has pene-
trated to a very great depth. Table 4 contains values 
of degree of saturation that would exist under steady-
state downward vertical moisture movement for a 
number of dimensionless application rates Q = q/Ko 
and pore size distribution exponents. These 
saturations assume Sr = • IS, the value used in 
obtaining all transient solutions. 
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Table 4. Steady-state values of saturation. 
Q Pore Size Distribution EXEonent 
.7 1.0 1.5 1.8 2.5 
.05 .6597 • 6169 .5758 .5602 .5364 
• 10 .7237 .6863 .6496 .6355 .6137 
• 15 .7648 .7316 .6986 .6858 .6659 
• 2(} .7958 .7661 .7363 .7246 .7065 
.25 .8209 .7942 .7673 .7567 .7402 
.30 .8421 .8181 .7938 .7842 .7692 
.35 .8605 .8390 .8171 .8084 .7948 
.40 .8769 .8577 .8380 .8302 .8179 
.45 .8917 .8745 .8570 .8499 .8389 
.50 .9051 .8900 .8744 .8681 .8583 
.55 .9175 .9042 .8905 .8850 .8763 
.60 .9290 .9174 .9055 .9007 .8931 
.65 .9397 .9298 .9196 .9154 .9089 
.70 .9498 .9415 .9328 .9294 .9238 
.75 .9593 .9525 .9454 .9426 .9380 
.80 .9682 .9629 .9573 .9551 .9515 
.85 .9767 .9728 .9687 .9671 .9644 
.90 .9848 .9823 .9796 • 9785 .9768 
.95 .9926 .9913 .9900 .9895 .9886 
1. 00 1. 0000 1.0000 1. 0000 1.0000 1. 0000 
Plotted in Figs. 51 and 52 are the variations of 
saturation at a depth of O. 2 dimensionless units below 
the soil surface respectively for hOt = - 2.0 and hOt 
= -3.0. These two figures are essentially identical 
indicating that a change in hOt from - 2. 0 to - 3. 0 
changes the saturation characteristics insignificantly. 
The curves on Figs. 51 and 52 wer e obtained from the 
problems for which the surface saturation was held 
constant. 
As the saturation at the O. 2 depth approaches 
the magnitude of the specified surface saturation the 
curves for different values of X, merge (see Figs. 51 
and 52). Prior to this time the saturation is greater 
for the smaller values of x'. This same variation of 
saturation at fI. depth of 0.4 is given in Figs. 53 and 
54. 
Plotting the variation of the saturation at a 
depth of O. 2 dimensionless units for those problems 
for which the rate of application was specified as a 
constant amount gives the relationships on Figs. 55 
and 56. Similar plots but at the 0.4 depth are given 
in Figs. 57 and 58. On these' figures, particularly 
for the larger application rates, the saturation in-
creases very rapidly after passage of the wetti.ng 
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front to a saturation which is only slightly less than 
the ultimate value under steady- state downward 
movement . 
The position of the wetting front at any time is 
also of interest, as well as how this position is related 
to the hydraulic properties of the soil, the rate of 
application and/or the degree of saturation maintained 
on the soil surface. The next eight figures summarize 
the data from the solution in Table 3 which gives the 
position of the wetting front as well as the variation 
with time of the position at which the average moisture 
content exists. In locating the position of the wetting 
front at any time step the criterion has been used that 
the hydraulic head must have increased by 0.002 above 
its initial value hOt . 
The position of the w~tting front defined in this 
manner for those problems in Table 3 for which hot 
- 2. 0 and for which a constant rate of application 
Q was specified are given in Fig. 59. From this 
figure it can be noted that the position of the wetting 
front is significantly related to the application rate, 
with greater depths of penetration occurring with 
higher rates. Also the position of the wetting front 
is strongly related to the pore size distribution 
exponent x'. The wetting front penetrates to a signi-
ficantly larger depth for soils with larger x"s than 
for soils with smaller X, values. The same position 
of the wetting front from those problems in Table 3 
with hOt = - 3. 0 has been plotted in Fig. 60. A 
comparison between Figs. 59 and 60 indicates that 
the initial condition of the soil does have a significant 
influence on the position of the wetting front. 
The position of the wetting front for problems 
with the soil surface boundary condition of a specified 
constant degree of saturation have been plotted in 
Figs. 61 and 62, for hOt = -2.0 and hOt = -3.0 
respectively. Again with the rate variable but the 
surface maintained at a constant saturation these 
figures indicate that the magnitude of the pore size 
distribution exponent has as great an influence on the 
rate at which the wetting front moves as does the 
degree of saturation on the surface. Since the pore 
CI) 
r-
z 
:;J 
N 
. 
tS:a 
LL 
0 
~ 
a... 
ILl 
CJ 
a: 
~ 
a: 
:z 
0 
..... 
~ 
a: 
a:: 
:::l 
~ 
a: 
en 
tS:a 
~.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
S(I) • O· 9 
SO) ~ 0·7 
S(I) =0·5 
(T') 
. 
• r2J 1. r2J • . 2.r2J . 2.5 3 .. r2J • 3 .. 5 . 
TIME PARAMETER 
FIG.51~ VARIATION OF SRTURRTION 0.2 BELOW THE SURFRCE FOR DIFFERENT VALUES 
OF ~ AND SURFRCE SRTURATIONS WITH h~ EQURL TO -2.0. 
40 
'# 
' . 
.. 
• 
CI) 
..... 
z 
::> 
N 
tSl 
u... 
C) 
::I: 
I-
a.. 
LLJ 
Cl 
a: 
I-
a: 
z: 
C) 
...... 
I-
a: 
a: 
:::J 
l-
a: 
en 
• 
tSl 
OJ 
CD 
· 
E-
· 
(D 
· 
Ln 
· 
(Y") 
· 
~~~T-~~~T-~~~T-~~~T-~~~~~~~~~~~~~~~~ 
5(1) =0·9 
5(1)= 0·7 
1\ =0·7 
sCIl =0·5 1\= 1·5 
SO) =0· 5~ 1\= 1·0 
1.5 2.12) 
TIME. PARAMETER 
FIG.52. VARIATION OF SATURATION 0.2 BELOW THE SURFACE FOR DIFFERENT VRLUES 
OF ~ AND SURFACE SATURATIONS WITH hot ECURL TO -3.0. 
41 
en 
.... 
z 
:::> 
'::J' 
. 
5) 
II-
0 
:J: 
... 
. ~ 
LLJ 
Cl 
C· 
... 
a: 
:z 
0 
-... a: § 
... 
~. 
5) 
~~~~~~~~~~~~~~~~-P~~~~~~~~~~~~~~ 
S(I) =0-9 
S(I)=0-7 
1\ =0·7 
(r) 
. 
. 1 .5 1.1 . 1.5 . 2.1' 2.5 . 3.1 . 3.5 . 
TIME. PARAMETER 
FIG. 53. VARIATION OF SATURATION I.U BELOW THE SURFACE FOR DIFFERENT VALUES 
OF 1\ AND SURFACE SATURATIONS WITH hot EQUAL TO -2.1. 
42 
,.. 
IlSl 
_~~~~~~~~~~~~~~~~~~ __ ~~-T ____ ~-T ____ ~~ __ ~ 
• 
sO ) =0·9 
en 
I-
Z 
::::> 
:Jt S( I) ·0·7 
IlSl 
LL. 
0 
~ 
l-
n.. 
I.LI 
c:J 
tt: 
l-
tt: 
Z 
0 
-l-tt: 
a: IJ) 
:::::> . l-
tt: 
1\ = \·5 (J') 
1\ =1·0 
:Jt 
.• 
• 
TIME PARAMETER 
FIG. 54. VARIRTION OF SRTURRTION ~.~ BELOW THE SURFRCE FOR DIFFERENT VRLUES 
OF 1\ RND SURFRCE SRTURRTIONS WITH hOt EQUAL TO -3. B'. 
43 
&'I 
_ ~~~~~~~~~~~~~~~~~~~~~~-P~~~~~~~~ 
en 
1-
z 
~ 
N 
&'I 
LL. 
C) 
:I: 
I-
0.... 
lLJ 
Cl 
cr" 
I-
a: 
z: 
C) 
-I-
a: 
a: LO ::::J 
l- . 
a: 
en 
(T) 
. 
.5 1." . 1.5 . 2." . 2.5 3." 3.5 " 
TIME PARAMETER 
FIG.5~ VARIATION OF SATURATION ".2 BELOH THE SURFACE FOR DIFFERENT VALUES 
OF 7\ AND APPLICATION RATES HITH hot EQUAL TO -2.ltL 
44 
It 
CJ) 
I-
Z 
:::> 
N 
5l 
LL... 
0 
:J: 
I-
a.. 
LLJ 
c 
a: 
I-
a: 
z 
0 
-I-a: a:. 
:::> 
I-
a: (J') 
• 
CSl 
_~-T~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.,... =1·0 
} Q =O"S II • 
I Q -0· 4 
1\ =I·e 
i\.a I. 5 
U.12I 
FIG. 56. VRRIRTION OF 'SRTURRTION B.2 BELOW THE SURFRCE FOR DIFFERENT VRLUES 
OF.7\ RND. RPPLICRTIONRATES 'WITH h~ EQURL TO -3,.". 
45 
en 
I-
z 
:::> 
~ 
Sl 
LL. 
CJ 
J: 
t 
lLJ 
C 
a-
I-
a: 
is 
...... 
I-
a: 
a: 
:J 
I-
a: (f) 
Sl 
~ ~~--~~~--~~~--~~~ __ ~~~ __ ~~~~~~~~~~-r~~ 
l\ =1' 5 
_......-:=;;;:z:::::::=:;;=="=.=,.::::::=} Q. O· 6 
1t =1· 8 .'C. 
} Q. 0.4 
~ 
. 
(T) 
. 
• 13 .5 1.12J . 1.5 " 2.12J" 2.5 " 3.12J " 3.5 " 
TIME PRRRMETER 
FIG.57. VRRIRTION OF SRTURRTION l2J.ij BELOW THE SURFRCE FOR DIFFERENT VRLUES 
OF 7't RND RPPLICRTION "RRTES WITH hot EQURL TO -2.rtl. 
46 
..... 
• 
UJ 
I-
Z 
::> 
:::r 
Sl 
LL. 
0 
::I: 
t-
a... 
LLJ 
C 
cr 
t-
cr 
Z 
0 
..... 
t-
a: 
a:: 
.Ln :::J 
t- . 
a: (f) 
• 
7\=,·5 
____ -=;~~:::;::1':;:. ::::::'.O;::::::=:= } Q = O. 6 
1\=1·8 
~ 1-s0.5 Q.O'~I . 
Q ;: 0.2 1\ = 1.5 
, Q • 0·01 7l = • 
Q 1& 0.01 7l. = 1.5 
TIME PARRMETER 
FIG. 58. VRRIRTION OF SATURATION B.~ . BELOW THE SURFACE FOR DIFFERENT VRLUES 
OF " RND. RPPLICATION 'RRTESWITH hot EQURL TO -3.B. 
41 
CJ 
lLJ 
I--
a: 
a:: 
I--
lLJ 
Z 
lLJ 
0... 
(() 
a: 
:I: 
h 
Z 
o 
a:: 
LL. 
(!) 
cs:a 
~~~-P~~~-'~~~~~~~~~-P~~~~~~~~~~~~~~~~ 
Z -' 
..... 
I--
I--
" 
lLJ ¥ 
3: 
:I: 
U 
-:I: 
3: 
o 
I--
:I: 
I--
0... 
lLJ 
CJ 
. ~ .5 1.~ , 1.5 2.~ 
TIME PRRRMETER 
h 11- 2.0 
of 
2.5 3.~ , 3.5 
FIG. 59. TIME VRfURTION OF WETTING FRONT POSITION RS R FUNCTION OF 1\ RND 
/J>P L I CAT I ON RATE'. 
48 
,.I, 
' . 
1.1.121 
• 
CJ 
LLJ 
I--
a: 
a: 
I--
LLJ 
z: 
LLJ 
CL 
en 
a: 
J: 
...." 
z: 
0 
a: 
LL 
t!l 
z: 
>-1 
I--
I--
LLJ 
3: 
::r:: 
u 
>-1 
J: 
3: 
0 
I--
J: 
I--
CL 
LLJ 
CJ 
• 
.. 
ISl 
m ~~-r~~~~~~~~~~~~~~~~~~~~~-p~~~~~~~~~ 
Qf =0.4 
.0 .5 1.121 1.5 2.121 2 .. 5 3.121 . 3 .. 5 
TIME PARAMETER 
FIG. 60. TIME VARIATION OF WETTING FRONT POSITION AS A FUNCTION OF 1\. AND 
APPLICATION RATE. 
49 
cs:l 
~ ~~~~.-~~-p~~~~~~~.-~~-p~~~~~~~.-~~~~.-~~ 
.' 
CJ 
I.LI 
..... 
a: 
cs:l a: 
..... 
. 
I.LI N 
Z 
I.LI 
0... 
en 
a: 
:c 
...... 
z 
0 
a: U.: 
c.!) Ln . 
Z 
-..... ~ 
..... 
I.LI 
3: 
:c 
U 
..... 
:c 
3: 
,)I 
0 
..... 
J: 
..... 
0... 
UJ 
CJ 
FIG. 61. TIME VARIATION OF WETTING FRONT'POSITION AS A FUNCTION OF " FOR SUR ... 
FACES HRINTRINED AT VARIOUS LEVELS'OF SATURATION: 
50 
• 
CJ 
W 
~ 
a: 
a: 
~ 
W 
Z 
W 
a... 
en 
a: 
~ 
~ 
Z 
0 
a: 
LL. 
c.!) 
Z 
-~ ~ 
W 
3: 
~ 
U 
-~ 
3: 
a 
~ 
~ 
~ 
a... 
w 
CJ 
• 
t 
~---------
l'S) 
M ~~----~~~ __ ~ __ ~~~ ____ ~~~-r~~~~-T-r __ ~~~-r-.'-~~ 
l'S) 
N 
I.J) 
. 
..... 
h = - 3.0 
°t 
I.J) 
. 
.0 .5 1.0 1.5 2.0 2.5 3.0 : .3.5 
TIME PARAMETER 
FIG. '62. TIME VARIATION OF WETTING FRONT POSITION AS A FUNCTION OF )\ FOR SUR-
FACES MAINTAINED AT VARIOUS LEVELS'OF SATURATION. 
51 
size distribution exponent is larger for soils whose 
gain sizes are more uniform. the rate of penetration 
of mpisture would be expected to be slower for a soil 
of large gain size gradation than of uniform size. 
' .. 
. The relationship of hOt to the depth of moisture 
penetration i's given in Fig. 63 in which the different 
curves have been plotted by varying the initial con-
ditions of the soil (different hOt) as well as varying 
the surface saturation. 
An additional characteristic of interest is the 
position at which the saturation of the soil equals the 
average value of saturation increase. The average 
saturation has been defined to mean the algebraic 
average of the saturation on the surface and the 
saturation at the position 'of the wetting front. Since 
the saturation at the wetting front is a variable the 
average saturation is also variable. Figures 64 and 
52 
65 give plots of this average saturation for problems 
in Table 3 in which hOt = -2.0 and hot = -3.0 
respectively •. 
In summary, the graphs given on Figs. 47-56, 
which give the relationship between such infiltration 
characteristics as saturation and wetting front move-
ment, have been obtained from solutions covering 
a relatively limited range of problem parameters. 
These graphs might be expanded in the future to 
cover larger ranges of x., hot, and for closer incre-
ments of these variables as well as application rates 
Q and surface saturations. Before expanding these 
graphs, it might be well to examine the feasibility 
of determining values of soil parameters from field 
observations of infiltration characteristics and graphs 
such as those given herein. 
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